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Outline

e An example from the forensic science where sampling is required
e Binomial Sampling

e Prior elicitation using power priors, informed by historical data

e Sequential Probability Ratio Test

e Use of predictive distributions for determining the appropriate sample
size for testing a specific hypothesis.



Forensic problems requiring sampling

e A consignment of m pills suspected to be illicit (drugs)

e Sentence imposed is dependent (in most jurisdictions) on the type and
quantity of illicit drugs

e Reasons for resorting to sampling of n units

1. Save of financial, time and manpower resources

2. Avoid exposure of forensic scientists to chemical material

3. Analyzing a unit eventually destroys it. Some evidence may be
presented in court or given to the defence to conduct their own
analysis



Arbitrary sampling

e Investigate 5%, 10% ... of the total seizure.
e Investigate n = /m.
e Investigate 20+0.1x(m-20) units.

e n—=1.



United Nations Drug Control Program

o if m < 10 then n=m.
o if 10 < m < 100 then n=10.

e if m > 100 then n=y/m.



Bernoull trials

e A Bernoulli trial is an experiment with two possible outcomes
(‘failure’=0, ‘success'=1)

e Examples of Bernoulli trials : flipping of a coin, gender, defective or
non-defective product, illicit or licit substance

e f(y) =0Y(1—-0)1"Y y=0,1, 0=probability of ‘success’.



Binomial sampling

e Repeated independent Bernoulli trials w1,...,y,(probability of
'success’ remains constant).

e Let x be the number of successes in n independent trials, x = 2?21 ;.
e \We say that z follows a binomial distribution
P(z ‘successes’ in n Bernoulli trials)=(")6%(1 — §)"~*.
e Mean of the binomial distribution, E(z) = nf.
e Variance of the binomial distribution, V(x) = nf(1 — 0).

e An unbiased estimate of @, 0 = %



Classical criteria for SSD

A

e The sample proportion 6 is assumed to be normally distributed
6 ~ N (6,210

e The quantity 2;?9) ~ N(0,1)

n

e A (1 — a)% confidence interval for 6 is given by § + (%) 0(1-0)

n

e & 1(a) is the inverse of the standard normal cumulative function at
point «, or alternatively the point to the left of which there are a% of the
observations.
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Figure 1: Probability density plot of a standard normal distribution with a
(1 — a)% confidence interval. 8



e The smallest sample size n is determined so that

Pr(ld—0|<d)>1-a

° (I)_l(%> 9(17;9) <dsn> (@—1(%))2 9(16;9)

e Use of the worst possible scenario § = 0.5 leads to

(271(3))°
4>

n >

e 0 is not known in advance.



Table 1: Sample size required for various probabilities of success, a=0.05

and d=0.05
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Figure 2: Sample size required for various #'s and variance of y, 6 x (1 —6)
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SSD when hypotheses testing is considered

Usually we want to test a hypothesis of the kind Hy : 6 = 6 versus an
alternative H; : 6 = 0;.

There are two errors that may occur
e Type | error, « = P(reject Hy | Hy is true)
e Type Il error, 3 = P(accept Hy | Hy is true)

power of a test is denoted by 1 — 3 = P(reject Hy | H; is true)

Determine the minimum sample size such that for fixed type | error the
probability of correctly rejecting the null hypothesis is sufficiently large
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e For n > 20, a
(Lo, Up) = (0 — &71(2)/ 289 9 -1(2),/ 2=

n ) n

(I — a)% confidence interval for 6 is given by

opowerzl—ﬁ:P(6’>UbU9<Lb|9:6’1)

o if p=0.2, 61=0.3, o = 0.05 and n=20, then U,=0.347 and P(6 >
0.347 | 6 = 0.3) = 0.3229

e Lead to excessive sample sizes, does not hold for n < 20.
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Figure 3: Power of the test for various sample sizes (6y=0.2, 6,=0.3,
a = 0.05). 14



Bayes Theorem

P(B | A)P(A)

P(a|B) = S

posterior < likelihood X prior

e If the resulting posterior distribution is of the same class with the prior
distribution then the prior is said to be a conjugate prior
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Beta distribution

e A continuous probability distribution defined on the interval [0,1]

flx|vy,10) =

where I is the gamma function I'(t) = (¢t — 1)! and v, 15 > 0

o Bx) = ;4

v1+vo

. V1 XV
* Viz) = (V1+V2)21><(Vi+1/2+1)
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Figure 4: Probability density function of a Beta distribution for various
parameter values 17



Modeling uncertainty using a conjugate prior for the
binomial distribution

x| 60~ Bin(n,0)

0 ~ B(vi,v) = f(0|vi,v0) x 01 -0)2"10<0 <1

(0] x,n,v1,1v9) oc 1T — g)yn—rtra—l

0| x~ B(vi+x,n—x+13)
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Figure 5: Probability density function of a Beta posterior for xt=7, n=10
and various parameter values, red lines denote the Beta priors that weré
given in each case.



Use of power priors to extract information from historical
data

e Ibrahim and Chen (2000) incorporated information from previous
studies to form a suitable prior for a current study.

e The same likelihood should be used among different studies for drawing
inference for the parameters of interest

fP(0 | Do) o< L(6; D)™ f(0)
e data from a previous similar study are denoted by Dy

e /. denotes the likelihood

e q is a coefficient weighting the effect of historical data on the current
study
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Suppose we have a seizure that was captured under circumstances similar
to a previous seizure Dg in which out of the ng pills, x¢g were found to be

illicit.
The likelihood from the historical data is L(0; Dy) = (28)9“30(1—9)”0—5’30
A Beta prior for § is f(6) oc 6¥171(1 — §)v2—1

The design power prior for a binomial parameter turns out to be a
beta-binomial with parameters (apxo + v1, ag(ng — xg) + v2).

701 Do) 10:00050) o ((™0)ooa— o) iy

Lo
X Haoxo—I—l/l—l(l . 9)(n0—x0)a0+ug—1
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Simulation-based approach for SSD

e Draw 6*'s from the power prior distribution fP(0 | D),
B (CL()Q?() + 11, ao(n() — ZIZ()) + VQ).

Draw, for each 6*, a sample x* of size n from the sampling distribution
f(x | %), (binomial distribution).
Compute T'(x}) (a function of the posterior distribution) for each of the

generated samples We choose to estimate the average posterior variance
of @ Elvar(0 | x,)] <€ €>0

Consider the case where we have a consignment of pills that is seized
under similar circumstances to previous seizure of 25 pills in which all
pills were found to be illicit (ng = x¢ = 25). Suppose also that a B(1,1)
is considered.
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Criterion for Sample Size Calculations for Proportions
with Binary Responses

Determine the sample size such that we are 100p% certain that at least
100l% of a consignment contains drugs when all n units in the sample
contain illicit drugs

when p = 0.95 and [ = 0.5, the criterion can be written mathematically
as

o 0711 — )2~ 1dh
B(n + v, v9)

Pr(0>05|v1+n,1n) = > 0.95.

e Assumes all units are of the same kind
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Sequential Analysis

Sequential analysis is a statistical analysis where the sample size is not
fixed in advance. Data are evaluated as they are collected, and further
sampling is stopped in accordance with a pre-defined stopping rule as soon
as significant results are observed

We might end up with a much smaller sample size saving time and
financial resources

Analysis is heavily dependent on collected data, hypothesis being tested
and stopping rule used
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A two-sided sequential criterion

Suppose that there are two competing propositions Hy : 0 < 6, and
Hy:0>0,, (6,>0y). These two propositions are tested sequentially.

Sampling is stopped, either when

f(fl 91/14—:1;,-—1(1 _ 9>V2+i_$i_1d9

Pr(6 <6 i  — X)) & - > D1,
r0<Ocfntaiveti-w) B+ aimti—a)
or when
fll 9v1—|—xi—1(1 _ 9)1/2+7j—a:2-—1d9
Pr(@>0,|vi+x,vs+1i—x;) & =2 > Do.

B(l/l + x;, Vo + 17— ZIZZ)
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Sequential Probability Ratio Test (SPRT)

e Consider a simple hypothesis Hy : 8 < 6, against an alternative
H1 : 6 Z 91

e The Likelihood Ratio LR = log% iIs computed after an
observation is collected

Two courses of action

e Stop sampling

1. Accept hypothesis Hy if LR < B
2. Accept hypothesis Hy if LR > A

e Continue samplingif B LR<A

27



e \We stop sampling when B < 1x.03) A

f(mael) -

e The test controls the probabilities of type | and type Il errors (a and

B)

e The likelihood is conditioned so that P(Hy | Hy) > 1 — a and
P(Hoy | Hi) <3

Table 2: Probabilities of accepting a certain hypothesis
LR > A (accept H1) LR < B (accept Hy)

H is correct o 1 — «

H> is correct 1—73 16,
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Accept H, if
f(x|601) > Af(x|0y) < 1— 3> Aa when H; is correct, so A < =8

o

Similarly, B > -2~

o%isalower limit for A,%is an upper limit for B

Bgf(wwz)g/l,
f(z | 61)

b, - () (1 —62)" 63 <1—5,

T—a = ()66~ a
1 — 6, O2(1 — 64) 10

] <nl ] <1

Ogl—&_nogl—el_l_xOg91(1—92)_ 05 (87 ’
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For a binomial population

1. accept Hy, if © < k1 + \n;
2. accept Hq, if x > ko 4+ An;
3. continue sampling if k1 + \n <z < ks + An

1-p

In —F&

1-64

n 1—90

where k; = : oy ke = - 7oy and A =

1 90(1—07) 0p(1—01) 1

0, (1—00)
D G (T=0)
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Example

e Suppose that we want to test the hypothesis Hy : 6 < 0.2 and
H1 . Z 06,

e a=001,3=0.1.
o k1:—1.3, k’2:28 and A\=0.4.

The two parallel lines represent the lower and upper thresholds (k1 + An,
ko + An) are

ki+n = —1.3+0.4n,
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Use of posterior predictive distribution to determine the
sample size for testing a specific hypothesis

e = are the 'successes’ the units inspected at a given time, y are the
'successes’ in the units not inspected at a given time, 6 is the proportion of
‘successful’ units

e |x~ B(vy+x,n—2x+12)

o p(y|x)= [ply|0)pO|x)do

o ply | 6) = (", ")6V(L— )

—n\ B(ri+xz+ym—x—y+v
e p(y|x)= (myn) (éj(:lii,n_ﬂg;)r 2) Bla+z+4+y,m—x—y+0)
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The normal approximation to the beta-binomial distribution is used

(m—n)(z+v1) (m—n)(x+wr1)(n—z+1e)(m+a+ V2))

x~ N :
2 ( n + 2 (n+v1+1v)?n+v1+vs+ 1)

Sample size is determined as the minimum sample size for which either
the length of the confidence interval is below a specified threshold

x—i—,u—@_l(l—%)a x+u+@_1(1—%)a
m B m

or the probability that the proportion lies within a certain interval
((—o0, c] or [¢,+00)) is less than a specified threshold.

Prily<em—x,)>1—aor Prly>cm—z,)>1—a, 0<c< 1.
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Suppose a sample of 6 units (n=6) from a seizure of m = 5000 pills is
taken and there are six successes (i.e., the number x of illicit pills equals
the sample size 6).

e choose c=0.6.

e Stop sampling if Pr(y > 0.6m —x,) > 1 — a.

e Under the most conservative scenario y = yo, = u+ @ (a)o
e Therefore, stop sampling if u+ ® ! (a)o > cm — z,,.

e Or when

35



e The beta prior is taken to be B(1,1).

e The mean u of the posterior beta-binomial distribution is 4369.75

e The variance o2 is 550.9782.

e The significance level « is taken to be 0.01 so that @~ (a) = —2.3263
and ®71(1 — a) = 2.3263.

e Then y, = u+ @ (a)o = 3088.01 and £E¥e = 0.62 > 0.6, i.e., the
probability that the true proportion of illicit pills is greater than 0.62 is 0.99
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Conclusions

e Sample size required is significantly reduced if prior knowledge is taken
into account.

e Methods to acquire prior knowledge

1. Prior beliefs

2. Historical data, obtained under similar circumstances with that at hand.

3. Sequential methods
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